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Abstract

This thesis shows that the following statements are equivalent:

1. There is a hidden-variable model based on Local Realism for the experiment.

2. The experiment supports a local-realistic boolean probability algebra.

3. Correlation Function for the experiment satisfies Bell-CHSH inequalities.

The equivalence is obtained by algebraic methods. In particular, this work gives a
merely algebraic proof of Bell-CHSH inequality.
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Introduction

From the publication of Bell’s Theorem in 1965 [1], which states that no theory in-
volving locality and realism can reproduce the same statistical predictions of Quantum
Mechanics for the Bohm-EPR Experiment [2], [3], criteria to test the local-realistic char-
acter of this system have been sought.

The first attempt to classically explain this experiment were the hidden-variable phys-
ical models, which emphasized the production process. Bell proposed a Correlation Func-
tion for these models [1], which introduced a probability density function and a phase
space that fitted a boolean probability algebra.

Years later, Clause, Horne, Shimony and Holt (CHSH) showed that this Correlation
Function satisfies the well-known Bell-CHSH inequality [4], which is a necessary [4] and
sufficient [5] criterion to test the local-realistic character of the aforementioned experiment.

Then, the equivalence between the boolean probability algebra supported by the exper-
iment and Bell-CHSH inequality passed through the existence of hidden-variables, which
made them the essential part of the problem.

The aim of this thesis is to find the direct equivalence between the local-realistic
boolean probability algebra supported by the experiment and Bell-CHSH inequality. This
is achieved by means of a merely algebraic proof of this inequality. In addition, it is shown
that regardless of the production process, as long as it is real and local, the probabilities
involved by any hidden-variable physical model correspond to those ones of a local-realistic
boolean probability algebra.

In this way, the equivalence among the hidden-variable models, the boolean probabil-
ity algebra supported by the experiment and Bell-CHSH inequality is obtained by using
algebraic methods, thus showing that the essential part of the problem lies on the prob-
ability algebra supported by the experiment and not on the hidden-variables nor on the
production process.

This thesis is divided in four chapters. Chapter 1 comprise the Bohm-EPR experiment,
the hidden-variable physical models, Bell ‘s Theorem and the analytic proof of Bell-CHSH
inequality; Chapter 2 contains the construction of the local-realistic boolean probability
algebra for the experiment; Chapter 3 is the merely algebraic proof of Bell-CHSH inequality
and finally Chapter 4 shows the equivalence between the hidden-variable physical models
and the local-realistic boolean probability algebras supported by the experiment.



Chapter 1

The Bohm-EPR experiment

The aim of this chapter is to explain the Bohm-EPR experiment [2], [3] and to in-
troduce the local-realistic hidden-variable physical models, and from these ones to obtain
Bell-CHSH inequality [4], which is a necessary [4] and sufficient [5] criterion to test the
local-realistic character of this experiment.

1.1 Description of the Bohm-EPR experiment [2], [3], [6]

Consider an ensemble of pairs of spin—% particles in singlet spin state moving freely

in opposite direction from the source that produced them. Measurements of the particle
1 are made by the observer Alice and measurements of the particle 2 are made by the
observer Bob. They both have a Stern-Gerlach (SG) apparatus and a detector (see Figure
1.1). Together, observer, SG apparatus and detector, form a subsystem, or site, which
will be denoted as A for Alice’s system and B for Bob’s system. Hence, we will say that
measurements of particle 1 are made at site A and measurements of particle 2 are made
at site B.

SG apparatus are oriented in directions @ and b for sites A and B, respectively. The
detectors used for counting particles have, in turn, two outcome channels, labelled as +1
and —1 (see Figure 1.1).

Let us suppose that the results for A and B depend on both SG apparatus choices @
and b. Then, they will be represented by A(d,b) and B(d,b), each one equals +1 or —1
depending on whether the first or second channel is selected, i.e.:

- +1 if partcile 1 hits channel +1.
A(@,B) = ! park : (1.1.1a)
—1 if particle 1 hits channel -1.
- +1 if partcile 2 hits channel +1.
B(@,b) = ! park , (1.1.1b)
—1 if particle 2 hits channel -1.

Thus, in a single run we can obtain one of the following four results (simple events):
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Figure 1.1: Description of the experiment. a) A pair of spin-% particles in singlet spin state is
moving freely in opposite direction from the source that produced them. Each one will travel towards a
Stern-Gerlach (SG) apparatus, which is oriented in the direction @ for site A and in the direction b for site
B. Finally, measurements are made by detectors with two outcomes. Depending on the orientation of the
SG apparatus, one of the two outcomes will be activated: +1 (green light in the picture) or —1 (red light in
the picture), assigning such value to the measurement of A or B, as required. b) We illustrate the particular
case when the chosen direction for any SG apparatus is 2 (i.e., @ or b= %). ¢) Same case, but now the
chosen orientation is & (i.e., @ or b = &).

Furthermore, for a particular measurement, we will say that a pair of particles has a
positive correlation if they both choose the same channel, and a negative correlation if
they both choose a different channel. In other words:

A, E)B(d, E) _ +1 for a positive correlation. (11.3)

—1 for a negative correlation.



Due to the fact that the former product only has two possible values (4+1 and -1), we
are rather interested in measuring compound events, in particular, those with one of the
following characteristics:

1. A(@,b) = B(@,b), or

-, -,

2. A(a,b) = —B(a,b).
The compound events with these characteristics are the following ones:

cab = (A(@,b) = +1,B(@,b) = +1) V (A(@,b) = —1, B(@,b) = —1) (1.1.4a)
bap = (A(@,b) = +1,B(@,b) = —1) V (A(@,b) = —1, B(@,b) = +1) , (1.1.4D)

where V is the usual OR connector.

In this way:

o o {—1—1 for eq4p. (1.1.5)

A@HB@H=1" | o

Definition 1. Experimental correlation (M,y): is the statistical average of the pro-

-, -,

duct A(d,b)B(d,b) after repeating the experiment many times, i.e.:

=, =,

Mg, = A(G,b) B(@,b) (1.1.6)

-, -,

Furthermore, as we have that A(d,b)B(d,b) = {+1,—1}, Mg (1.1.6) has a numerical
value between —1 and +1, i.e., =1 < My, < +1, where +1 is gotten for a totally correlated
system, while —1 is obtained for a totally anticorrelated system.

It is important to say that My, (1.1.6) is a value that the experimentalist measures in
the lab. This value, once determined, completely characterizes the correlations system.

According to (1.1.6), we must count how many times each simple event (1.1.2), or
rather, each compound event (1.1.4), occurs when we perform the experiment many times,
i.e., we must find the frequencies for each of these events. Then, the frequencies for g
and J,p are given by:

_ number of times that cqp is obtained
feur = number of total runs (1.1.7a)
- number of times that 04 is obtained (1.1.7h)

number of total runs

Thereby, we have the following relation between the experimental correlation My,
(1.1.6) and the frequencies f. , and f5,, (1.1.7):

Mab = fsab - f&ab (118)



Then, as it is well known, we can associate these frequencies with probabilities in such
a way that we can get a probabilistic model capable to predict the experimental value
Mp. Thus, the task is now finding such a probability distribution.

1.2 Classical description of the Bohm-EPR experiment

1.2.1 Realism and Locality Hypotheses

The first probabilistic model we present is that one suggested by EPR [2]. They said
that the probability distribution for this problem should be given by any model based on
two important hypotheses: Realism and Locality.

-,

Hypothesis 1. Realism. Each time a particular run is performed, the values for A(d,b)
and B(d, 5) that correspond to each of the directions @ and b are determined, although they
are not measured. In other words, for every experimental run the assignation {a, 5} —
{A(@,b), B(@,b)} is done for all the values of @ and b.

A way (and for many years the only one) to establish the realism into the problem is
through a deterministic description, known as hidden-variable model, which says
that a complete specification of the system is effected by means of a parameter (or set of
parameters) A, named hidden-variable. This )\ is information (emphatically not quan-
tum mechanics) carried by and localized within each particle, and it was originated when
the particles constituting one pair were in contact and communication regarding this in-
formation. If we were able to determine A, we could know the values of A(d, E) and
B(d, 5) for any choice of @ and b for particular measurements, avoiding in this way the

statistical behaviour of Quantum Mechanics. In this model, the map is described as

-

{@,b} N {A(X,@,b), B(\,@,b)}; in other words, the assignation of values for A and B
from @ and b is carried out by A.

The other hypothesis is Locality.

Hypothesis 2. Locality. In the experimental setup of the Bohm-EPR experiment, sites
A and B can arbitrarily be far away from each other, in such a way that there is no
communication between them. Then, the particular orientation of a SG magnet should not
influence the result obtained in the opposite site. Then, we have that A(d, 5) = A(a@) and

-,

B(@,b) = B(b).

In this chapter we will develop these hypotheses in the same way Bell [1], CHSH [4]
and Fine [7] did. Later on in Chapter 2 we will present a new model based on probabilities
defined over a boolean algebra of events, showing in this manner that X is not the essential
part of the problem.

1.2.2 Hidden-variable models for the Bohm-EPR experiment

In 1965, Bell [1] found a general way to describe correlations in the Bohm-EPR ex-
periment for any local-realistic hidden-variable physical model. Such a way is known as
Correlation Function.



Definition 2. The Correlation Function Q. that is consistent with Hypothesis 1 (Re-
alism) and 2 (Localty) has the following form:

Q(a,b) = /FA(J, N B(b, A)p(A) dA (1.2.1)

where p is the probability density function of A and T" is the \’s phase-space.

As we can see, p is independent of @ and b since the pair of particles is emitted by a
source in a manner physically independent from them.

From now on, it is convenient to use a new nomenclature:

A, =A@, N), (1.2.2a)

By=B(b,)), (1.2.2b)

Qub = Q(a,h) , (1.2.2¢)

/ A, By dp = / A@@ N B, N p(\)dA (1.2.2q)
T r

In this notation, we have that the subscript a refers to the orientation of the SG appa-
ratus at site A, while the subscript b refers to the orientation of the SG apparatus at site B.

The Correlation Function Qg (1.2.1) is the prediction for the product of A, and By,
and it only depends on the probability density function p, not on the quantum mechanical
state of the pair.

As we can see, A, and B, now depend on the parameter A because we suppose it carries
the information that relates both particles and determines the specific configuration of the
system for individual measurements. In this way, the system would be predetermined by
the common past of the particles. On the other hand, locality is present because A, does
not depend on [_)'7 nor By on @, since the two selections may occur at an arbitrarily great
distance from each other; locality also makes A, and B} to be independent functions, i.e.,
we are refusing any kind of dependence A,(By) or By(A,). So, the Correlation Function
Qaup defined in the manner (1.2.1) includes every kind of models involving locality and de-
terminism. A different model, a different p.

In a complete physical theory, hidden-variables would have dynamical significance and
be subjected to laws of motion; our A can then be thought of as initial values of these
variables at some suitable instant and p would be an invariant probability density.

The following 3-parameter inequality, which was used by Bell in his original article [1],
is an inherent property from the definition of the Correlation Function Q4 (1.2.1), which
means it is satisfied by any hidden-variable model consistent with Hypothesis 1 and 2, and
it is totally independent of Quantum Mechanics.

Lemma 1. For every choice of vectors d’j and ¢, and for all p, the Correlation Function
Q satisfies the following 3-parameter inequality:

’Qab - Qac <2+ ch + be ; (123)




Proof. From Definition 2, we have:
Qab = / Aq By dp , (1.2.4)
r
where A,, B, = {+1, —1}.
Then:
Qab_Qac:/AaBbdp — /AaBCdp
r r

(1.2.5)
:/AaBb (1+ 4, B.) dp — /AQBC (1+ A, By) dp.
I r

where b and & are the orientations of the SG magnet at site B for different experimental

runs.
Making use of the known inequality ‘ J f(z) dx‘ <[ ‘f(x)’ dx and of ’Aa =1, we get:
‘Qab - Qac < / ‘Bb (]- + Ab Bc) - Bc (]- + Ab Bb)’ dp . (126)
r
Knowing that |a: — y| < |:c| + {y|, where z, y € R, we have:
Quv = Que| < [ [Bu L+ Ay Bo|dp + [ |Be (1444 B)| dp
r r (1.2.7)
=2+/AbBCdp+ /AbBbdp,
r r

where we have used that ’Bb’ = ’BC| = 1, and that the quantities in parentheses are never

negative.

Finally, using the definition of the Correlation Function @, (1.2.1), we obtain:

‘Qab — Qac

<2+ Qoe+ Quo (1.2.8)

which is the expected result.
O

1.3 Quantum mechanical description of the Bohm-EPR ex-

periment

There is another model to explain the Bohm-EPR experiment based on quantum me-
chanical principles.

In first place, this system consists on spin—% particles in singlet state, i.e., particles
which vector state is given by:



1

¥ =75

([+H)al=)s — [=)al+)B) (1.3.1)

S

or, in matrix representation:

50,0, 0.0 e

where the subscript indicates the particle we are referring to.

-, -

In the quantum case, instead of A(d@,b) and B(d,b), we are interested in measuring

(@,
the c-component of the orientation vector o¢&;, where ¢ = @, b refers to the direction of the

SG-magnet at site C=A, B, respectively.

From this point of view, the SG apparatus selects a direction to measure on the com-
ponents of the orientation vectors o3 and op for particles at sites A and B, respectively.
These orientation vectors have as components the Pauli Matrices. Let ¢ be a unit vector
that will be @ for site A and b for site B. Then, the c-component of these orientation
vectors ¢ is given by:

G-e= < = Cw_”l}) , (1.3.3)

Cpticy —cC,

or:

(Hog-dt) =c., (H|o-d-)=ca—icy,

(—lg-d4) = coticy, (—lF-d-)=—c.. (13.4)

In this case, @ and b are the directions of the components we are measuring in particles
at sites A and B, respectively.

Furthermore, in this quantum model we say that the outcome channels of the detectors
are selected according to the eigenvectors chosen by the SG apparatus.
Theorem 1. The Quantum Correlation Function Rgp is given by:

Rup={ca-d@ op-b)y=—a-b, (1.3.5)

where the quantum expectation value is taken with respect to the singlet state (1.3.1).

—

Proof. Taking the expectation value (c4-d op-b) with respect to the singlet state (1.3.1)
and using (1.3.4) with ¢ = @, b, we obtain:

(Yloa-@ o5 -bl) = —azb, — ayb, — azby = —a - b, (1.3.6)

which is the expected result. O



1.4 Bell’s Theorem

In the previous sections, we have described two very different models to foretell the
measurements of the same experiment. We now compare such predictions to see if they
are compatible for all @ and b for any p, independently of the value for M,; obtained in
the experiment. If they do, we then have that Quantum Mechanics can be ”explained” in
terms of Hypothesis 1 and 2 for this particular problem.

In 1965 Bell [1] compared both models and found a specific configuration of parameters
@ and b for which is impossible for any p that both models predict the same results. In
this way, he showed that, for this particular problem, Quantum Mechanics cannot be
”explained” in terms of any model involving locality and realism. In other words, he
showed that R, cannot be arbitrarily closely approximated by Qgp.

Theorem 2. Bell’s Theorem. There are vectors @ and b such that the quantum me-
chanical expectation value Ry, cannot be arbitrarily closely approrimated for any p by the
local-realistic average Qqp-

Proof. Instead of Qup and Ry, let us consider the averages Qab and Rab, where the bar de-
notes independent averaging of Qup and R,y over vectors a’ and 1% within specified small
angles of @ and b, which means we average over cones with center in @ and b (see Figure 1.2).

a) b)

&

Figure 1.2: a) Party A takes the average over a cone centred on the vector @. b) Party B takes the
average over a cone centred on the vector b.

Then, for all @ and 5, and & > 0, there exist cones coaxial to @ and b such that:

‘RTb —Rup| <9 (1.4.1)

This is a technical step to analyze the dispersion of the values, i.e., how width the cone
over which we average is. Averages are taken over sets of positive size to avoid individual
measurements and work with mean values (a individual measurement has size or proba-
bility zero).

The proof proceeds by contradiction.

Suppose that for every choice of vectors @ and l;, and for every € > 0, there is a p and
a d > 0 for which:

10



@ — R

<e. (1.4.2)

This expression is to compare the predictions of both models: we want to see how far
the mean values predicted by each model are. We will show that there are vectors @ and
b for which (1.4.2) is not true for every € > 0.

The difference between expressions (1.4.1) and (1.4.2) is that, while the first one as-
sumes the existence of cones coaxial to @ and b for every §, the second one assumes the
existence of 0 and p for every € > 0.

Adding (1.4.1) and (1.4.2), and using the triangle inequality we get:

‘@—Rab <e+6. (1.4.3)

It is specially important the case d = b. So, making @ = b in (1.4.3), we obtain:

Qw+1<e+d. (1.4.4)

Coming back to (1.4.3), let us express it in a different form:

—(e+6 -R +9
(e+9) < a S (€+0) (1.4.5)
—(e+06) 4+ Rap < Qap < (€ +9) + Ryp -
In a similar way:
—(e+90)+ Rae € Que < (€+9) + Ry - (1.4.6)
Multiplying (1.4.6) by (-1):
—(e+0) = Rae < —Qac < (€+0) — Rac . (1.4.7)
Adding (1.4.5) and (1.4.7):
_2(6 + 6) + (Rab - Rac) < @ - @ g 2(6 + 6) + (Rab - Rac)
- (1.4.8)
‘ (Rab ) (Qab Qac) < 2(6 + 5) .
Using the relation }:1:| — ’y‘ < }:1: -y
[ Rab = Rue| = [ @a = Quc| < 2(e +9). (1.4.9)

From here:

11



’Rab _Rac _2(6+6) g ‘%_@ . (1410)
On the other hand, from (1.4.5), making a — b and b — ¢, we have:
Qbe < (€+0) + Ree - (1.4.11)
Furthermore, from Lemma 1 (1.2.3), it turns out that:
@~ Quc| <2+ Qo+ Qi (1.412)

which is an inherent property from the definition of the Correlation Function Qqp (1.2.1).

Substituting (1.4.4) in this expression we get:

‘@—@ <1+ Qpet+e+6. (1.4.13)

Replacing (1.4.10) and (1.4.11) in this equation, we obtain.

|Rab = Ra

—Rpe—1 < 4(c+6) . (1.4.14)

Finally, making R, = —a - b (1.3.5), we get:

G-b—a-c+b-¢—1< 4(e+9). (1.4.15)
For example, if - ¢=0, d b=1b-c= %,We have
V2 —1<4(e +96), (1.4.16)

which is independent of p.

Therefore, for arbitrarily small finite §, € cannot arbitrarily be small. It means that
(1.4.2) is not true for values of € such that:

2-1
<\[ s
4

(1.4.17)

whatever the local-realistic state p is. O

In this way, Bell found a specific experimental setup such that the predicted results
from any local-realistic hidden-variable physical model differ at least by % from those

12



predicted by Quantum Mechanics.

Thus, the quantum mechanical expectation value R,; cannot be represented either ac-
curately or arbitrarily closely by the local-realistic average Qqp.

1.5 Testing hidden-variables
So far, we have just showed that the results predicted by the local-realistic Correlation

Function @ differ for some @ and b from the quantum mechanical expectation value Ry,
but we have said nothing about which model is correct.

In 1969, Clauser, et al. (CHSH) [4] found the following necessary [4] and sufficient
[5] condition for any local-realistic hidden-variable model for this experiment, which also
is a test to experimentally verify if this particular problem can be explained in terms of

realism and locality.

For simplicity, from now on we will make reference to the vectors that represent the
orientation of the SG magnets as parameters of the experiment.

Theorem 3. Bell-CHSH inequality. For any choice of parameters a, b, ¢ and d, and
for all p, the Correlation Function @ satisfies the following 4-parameter inequality:

’Qab - Qac’ + de + Qdc <2. (151)

Proof. From Definition 2 (1.2.1)

|Qub — Que

:‘/F(Aa By~ A, B.) dp . (1.5.2)

Due to the known inequality ‘ J f(:z:)dx’ < ’f(:z:)‘dx, we have that:

‘Qab — Qac

g/ ‘AaBb*Ach
r

dp
g/r ‘Aa Bb‘(ka BC) dp

</F (1—BbBc) dp

gl_/BbBcdpa
r

(1.5.3)

where we have used the fact that B2 = 1 and that ‘Aa Bb’ =1.

13



Thus:

Qub ~ Que

<1-— / By Bedp . (1.5.4)
I8

Notice that the left hand side of (1.5.4) depends on a, while the right hand side does not.
On the other hand, let us now divide I' into two regions I';. and I'_ such that:

Iy ={AAg=+B} . (1.5.5)

As we can see, I'y and I'_ are disjoint subsets of the phase space, with the property
that 'y UT'_ =T.

Then, using (1.5.5) and the properties of the probability distribution functions, we get:

/BbBcdp: BbBcdp+/ BbBcdp
r Iy

I, r_

:/ Ay Bodp — 2/ Ag B dp .
N

The first term of the right hand side of the last equation corresponds to 4., while for
the second one we have that:

[ sboaos [ |assldo< [ ap, (1.5.7)
r_ r_ r_
where we have used again the relation ‘ i f(:c)dm‘ <[ ‘f(x)‘da? and that ‘Ad B.|=1.
In this way, we get:
/ Bb Bc dp 2 Qdc — 2/ dp . (158)
r

On the other hand, from the properties of the probability distribution functions, we
have that:

/dp :/ dp + dp = 1. (1.5.9)
r ry r_

From here:

dp = —/ dp . (1.5.10)

ry _

14



Moreover, using again (1.5.5), we obtain:

Qav =/ Aq By dp
r

= Aq Bydp + Aq By dp

s I_

:/ BbBbdp —/ BbBbdp
Iy _

= dp — dp .
Iy Ir_

Substituting (1.5.10) in the last equation, we get:

de=1—2/ dp .

Furthermore, we can express Qg in a different way:

Qay=—-1+7,

(1.5.11)

(1.5.12)

(1.5.13)

where v is a parameter such that 0 < v < 2 (y = 0 for a totally anticorrelated system

and v = 2 for a totally correlated system).

Equating (1.5.12) and (1.5.13) we obtain:

)
dp=1-2.
/ p 2

Replacing this expression in (1.5.8), we get:

/ BbBch = Qdc+’y_2'
r

Substituting v from (1.5.13) in this expression, we have that:

/BbBcd,O > Qac+Qap—1.
r

Finally, replacing this equation in (1.5.4), we obtain:

‘Qab - Qac‘ + de + Qdc < 2

which is the expected result.

15
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We developed this inequality directly from the definition of the Correlation Function
Qap (1.2.1). Thus, if it is verified in the experiment, we will have shown that there is any
model involving locality and realism for this particular problem; otherwise, we will have
shown that such a model does not exist.

This step is a great achievement because the Correlation Function Q. includes any
hidden-variable physical model involving locality and realism.

A fundamental difference between this last inequality (1.5.1) and that one founded by
Bell (1.2.3) is that this one is a 4-parameter inequality, while the other one only depends
on 3.

In this chapter Bell-CHSH inequality was gotten by assuming the existence of hidden-
variables. Later on in Chapter 3 we will give a merely algebraic proof of this inequality,
showing that the essential part of the problem lies on the probability algebra of the exper-
iment and not on the hidden-variables.
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Chapter 2

Boolean algebras and local realism

The aim of this chapter is to show that Bohm-EPR experiment supports a local-realistic
boolean probability algebra for the first non-trivial case (2 measurement parameters per
site).

In this new approach, A, and By refer only to A(@) and B(b) and not to A(@,\) and
B(b, \) any more because they do not make reference to any hidden variable.

In addition, from now on we will use for simplicity the following nomenclature for the
simple events from (1.1.2):

2.1 Boolean algebra for the case of one observable per site

2.1.1 Realism Hypothesis

In section 1.1 we talked about the Bohm-EPR experiment and the four simple events
that it is possible to get in a single run of it when we only consider one measurement
parameter per site (1.1.2). We have not said, however, at what point particles decide to
adopt these values.

Let us assume that the values particles acquire are determined at the moment of parti-
cle’s production and not at the measurement moment, in such a way that the information
remained within them and would be there even if the measurement was never carried out.
Under this assumption, it is possible to say that this information is a particles’ inherent
property, giving rise to the following hypothesis:

Hypothesis 3. Realism. Particles emitted from the source carry within them the infor-
mation to be measured. It is so, even if not measured.

So, under this hypothesis, an event is the manifestation of a property that the pair
of particles got at the time of production. In this way, A, and B, are the result of some
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inherent properties of the particles.

2.1.2 Important events

The objective of the Bohm-EPR experiment is to measure correlations, which implies
measuring the properties of both particles simultaneously. Thereby, a simple, elementary
or atomic event consists in the simultaneous measurement of A, and B, which measured
values are actually the properties gotten by the pair of particles at the time of production.

The four simple events for this experiment along with the value of the properties A,
and Bp measured on them are shown in Table 2.1.

Simple event | A, | By
Gr=(+1,+1)g | +1 | +1
Gy = (+1, *1)ab +1 | —1
Gs=(=1,+1)4 | -1 | +1
Gy = (71 71)ab -1] -1

)

Table 2.1: Simple events and values of the properties A, and B, measured on them.

Each of these events corresponds to a function f assigned during production process,
that goes from the pair of measurement options s = (s4, sg) to the pair of possible results
v = (v4,vp) in such a way that:

f:s=(sa,sp)— v=(va,vB) (2.1.1)

where sy = a and sg = b designate the measurement options at sites A and B, respectively,
while that vq4 = {+1,—1} and vg = {41, —1} are the possible values to be measured at
sites A and B, respectively.

From these events it is possible to get the sample space for this experiment, denoted
as Qab:

Q= {(+1, 4Dy (+1, =Dy (=1, +Dapy (=1, =Dt } (2.12)

The boolean algebra of events (BAE) for this system is constructed from the four events

of the sample space €2,;. For such a reason, we will denote this BAE as B(€,), which is
an algebra of order 4, and it will have, therefore, 24 = 16 events. These events are gotten
by using the operation conjunction (AND, A) and disjunction (OR, A) over the elementary

events of this algebra.

The properties of any BAE and the complete list of events of B({,;) are shown in the
Appendix.

Like any BAE, the elementary events of B({4) have the following properties:
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l) G1 VGV G3VGy= 1y (213&)

0 GAG G; ifi=j, withi,j=1,23,4 (2.1.3b)
2 i = .
/ Gy ifi+#j, withi,j=1,2,3,4

where I, and @, are the certain and impossible events, respectively, of B(2qs).

Our interest is in measuring the properties particles carry with them. So, it is natural
identifying events on which individual properties of each particle are measured. Such
events receive the name of marginal events and, along with the individual property
measured on them, which appears in parentheses, are presented below:

(+1,1p)ap = (+1,41)ap V (+1, —1)ap = G1 V G2 (A, =+1) (2.1.4a)
(—1,Tp)ap = (=1, 4+D)ap V (=1, =1)ap = G3 VGy (A, = —1) (2.1.4b)
(I, +1)ap = (+1,4+1)ap V (=1, +1)ep = G1 VG35 (By = +1) (2.1.4¢)
(I, —Dap = (+1,—D)ap V (-1, —D)ap = G2 V Gy (By = —1) (2.1.4d)

However, what we are really interested in measuring is the correlation between parti-
cles. Therefore, it is more convenient to measure a property involving both particles.

So, from all the events of B(Qg), only two of them are connected with the correlation
between the pairs of particles since they tell us whether properties A, and By, have or not
the same value. Such events (1.1.4) are the following:

Eab E(+1, +1)ab V (71, 71)(11, =G1VGy (Aa = +Bb) (215&)
Sab E(—‘rl, _l)ab V (—1, +1)ab =Gy VG (Aa = —Bb) (215b)

Measuring correlations involves measuring properties from two particles. For this rea-
son, it is more convenient to use the value of the product A, By, as property of the pair of
particles to measure during the experimental runs. So, it is possible to see that for the
event £, the product A, B, takes the value +1 while for the event d, it acquires the value
—1.

Given that e, and d,p are related with the value of the product A,Bp, they will be
named product events.

This kind of event is what we are really interested in measuring during a experimental
run because they help us to get the mean value of A,Bp, which gives us, according to
(1.1.6), the complete description of the correlations system.

An important property of the pair of product events {e4p,d4p} is that they are com-
plementary events, i.e., 6/, = eqp and €/, = dqp. It can be easily verified by using (2.1.3)

and (2.1.5).

In Table 2.2 we show the product events, their equivalence in atomic events and the
value of the property A, B, measured on them.
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Product event | Equivalence in atomic events | A,B,
Eab (+1,+1)ab\/ (71,71)(15 G1V Gy +1
Oab (—l—l,—l)ab\/(—l,—I—l)ab Go V Gy -1

Table 2.2: Product events, their equivalence in atomic events and the value of the property A,B,
measured on them.

2.1.3 The probability algebra < B(Q), P >

The BAE B(Q4), together with the Probability Function P, form a probability alge-
bra, denoted as < B(4p), P >. A fuller explanation about probability algebras is given
in Appendix C.

In such an algebra, a probability to happen is assigned to each of the events, specially
to the atomic ones.

As we are interested in measuring correlations, we must find this occurrence probability
for the product events £, and 4.

In this way:
i) Pleaw) = P((+1,41)ap V (=1, —1)ap)
= P((+1,+1)as) + P((—1,—1)a) (2.1.6)
= P(G1) + P(Ga)
and
ii)  P(0ap) = P((++1, =1)ap V (=1, +1)ap)

P((+1,=1)ap) + P((=1,+1)as) (2.1.7)
P(Gs) + P(Gs)

where we have used in both cases (2.1.3b) and the properties of the Probability Function P.
Before finishing this section, it is important to say that thanks to the probability algebra

< B(Q4ap), P > it is possible to find a realistic model for the experimental correlation
M,y (1.1.8) through the following definition:

Definition 3. According to the probability algebra < B(Qap), P >, the Correlation
Function Qgp, which predicts the value for the experimental correlation My, (1.1.8),
is given by:

Qab = P(f‘:ab) - P((Sab> (218)

Qb 1s, in this way, a prediction for the experimental value My, (1.1.8).
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2.2 Boolean algebra for the case of two observables per site

2.2.1 Motivation

So far, we have just considered the experimental setup which parameters are a for site
A and b for site B. However, we could equally change the parameters for such sites. In
particular, we are interested in preparing an experimental setup such that the parameter
for site A is still a, but now site B has switched its measurement parameter to c.

For this new experimental setup we have a new BAE, similar to B(€,), which sample
space, denoted as )., contains the following simple events:

Qe = {(+17+1)ac, (+1, =Dac, (=1, +1)ac, (—1,—1)ac}. (2.2.1)

We will refer to this new BAE as B(),.), which also forms a probability algebra
< B(Q4c), P >. Both, B(Qq.) and < B(Qq.), P >, have the same properties that B(£24p)
and < B(Qgp), P >, respectively.

We now want to prepare a experimental setup with two configurations. In the first one,
the parameter to carry out the measurements at site B is b, while in the second configura-
tion is ¢. These configurations are, however, excluyent, i.e., we can perform measurements
with b or c, but not with both in the same experimental run. For such a reason,
the measurement parameter to be used will be selected randomly in each experimental run.

In order to study such situation, we must construct a more general BAE apt to simulta-
neously describe both configurations, no matter if one of them is not measured. This new
algebra must include any event from B(f.) and B(£4.), and even it should be reduced
to these ones under the appropriate limits.

2.2.2 Construction of the algebra. Realism Hypothesis

As we have already said, we are interested in constructing an algebra apt to describe
a system with two configurations, from which we can measure only in one of them, being
impossible for us to know the information for the not-measured configuration.

Unlike the system having only one measurement parameter per site, where it was known
with certainty what parameter would be used to measure in each site, in this new system it
is impossible for the source that is emitting the particles to know what parameter will be
selected at site B to perform the measurements given that the parameter to be used there
will be chosen randomly. This leads us to extend the Realism Hypothesis stated above.

Hypothesis 4. Realism. Particles emitted from the source must carry within the infor-
mation to be measured for all the possible pairs of parameters to be selected at sites A and
B. It is so, even if the information for one or more pairs of parameters is not measured.

This hypothesis tells us that properties for every configuration are acquired during
production process, and that these ones will be present within the particles even if not
measured.
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For such a reason, we look for an algebra which events are actually a list or set of
properties, one for each system’s configuration.

Given that both configurations are excluyent, an event simply is the manifestation of
a property associated to the configuration where we perform the measurement.

Based on the above, we define the sample space of the algebra we are looking for in
the following way:

Definition 4. Sample space Q.. Let Q4 and Q4. be the sample spaces for each
configuration of the system separately. Then, the sample space for the system involving
both configurations, denoted as Qqpe, is defined as:

Q(;Lbc = Qab \/Qac = Qac \/Qab = {{xabv yab} ‘ Tap € Qaba Yac € Qac} (222)

As {Zap, Yap} is only a grouping of properties, regardless the order of its elements, it
turns out that {Zap, Yab} = {Yab, Tap}-

It is important to clarify that ., and y,. are distinct properties because they refer to
different configurations.

Once gotten the sample space Qgp¢, it is possible to construct the complete BAE for the
2-configuration system, which will be denoted as B(Qg4s.), by adding to Q4. the operations
conjunction (AND, A) and disjunction (OR, V). In addition to their usual properties (see
Appendix A), these operations must comply with the following characteristics, which are
derived directly from Definition 4:

1. Distributivity of the conjunction:

{xabv Yac N Zac} = {xaba yac} A {xabv yac} (2233)

{xab A Wab, yac} = {xaba yac} A {wa67 yac} (223b)

2. Distributivity of the disjunction:

{xabv Yac V Zac} = {xaln yac} v {xaln Zac

} (2.2.4a)
{xab V Wace, yac} = {xabv Yac \ {wab7 yac} (224b)

where x4, and wgp, € Qgp while yu. and z4. € Qge.

Given that ., and €,. have each 4 simple events, Q.. will have 16 simple events.
Consequently, B(Q45c) Will have 216 = 65,536 events. Since it is impossible to analize such
a number of events, we will only consider those ones useful to measure correlations. We
dedicate subsections 2.2.5, 2.2.6 and 2.2.7 to study such events.

(Note: As heretofore we have not assumed anything about locality yet, we have to take

as feasible all those events. Later, restrictions imposed by Locality Hypothesis will make
many of them to be the impossible event.)
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2.2.3 Atomic events

Let us now study the elementary events of B(Qup.). As we have already said before,
this BAE has 16 elementary events, which are shown in Table 2.3.

Elementary events of B(Q4.)

(+1,4Das (H1,+)ac b | Bo = {(=1,41)an, (+1,+1)a

+1 +1 ab7 +1a_1)ac EIO = (_17+1)ab; (+1 _1)

+]- +1 ab7 1;+]—)ac Ell = (_]—7+1)aba ( 1 +1)

+1 +1 aba 1371)(10 E12

(717+1)aba ( 1 71)

(=1, —1)ap, (+1,41)ac

+
—
L

)ac

=
I

aba 3 (_1a )ab7 (+1 _1)

ab7 1;+1>ac

&)
a
(@23

I

(_1’_1)aba ( 1 +1)

ab7 11_]—)ac (_]—7_1)aba ( 1 _1)

N—— —— —— —— N—— N~ —— ——
&
=
w
I
— — — — — — —
H/—/ W—/ W—/ H/—’ H,_/ H/—/ H/—/ Hr—/

=
= {
=1
={
5= {(+1, =Dy (+1,+1)ae
o= {1
r={
o= {1

Table 2.3: The 16 elementary events of B(Qqpc)-

Like any BAE, atomic events of B(Q45.) have the following properties:

Z) E1 VeV E16 = ]Iabc (225&)
E;, ifi=j, withi,j=1,...,16

i)  EiANE; = L=, Wi (2.2.5b)
Dape if1#£j, withi,j=1,...,16

where I . = (]Iab, Hac) and Dgpe = (@ab, yac) V (wab, @ac) are the certain and tmpossible
events, respectively, of B(Qgpe)-

These properties can be verified by using (2.2.3), (2.2.4) and the properties of B(Qq5)
and B(Que).

Using the notation introduced in Table 2.3, we can express gp. as:

Qabe = {E1, -+, E16} (2.2.6)

On the other hand, Realism Hypothesis states that values to be measured at sites A
and B for all possible pair of parameters are determined during production process. Under
this hypothesis, each event from Table 2.3 corresponds to a function f determined during
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production process that goes from the set of measurement parameters s = (s4,sg) to the
set of measured values v = (va,vp), i.e.:

fis=1(sa,sp) — v = (va(s),vp(s)) (2.2.7)

where s4 = a and sp = {b,c} designate the measurement options at sites A and B, re-
spectively, while that v4 = {+1,—1} and vp = {+1,—1} are the measured values at sites
A and B, respectively.

Since there are two pairs of parameters for s and four pairs of possible values for v,
then there are 42 = 16 distinct functions, which correspond to each of the 16 simple events
of B<Qabc>-

(Note: Later, with the introduction of Locality Hypothesis, we will impose restrictions
on f, in such a way that, under this hypothesis, the number of simple events decreases.)

2.2.4 Sub-algebras B(Q,) and B(,.) in B(Qaue)

In the previous subsection we constructed Qg from Q4 and Q... Then, it should be
possible to reduce B(Qqpe) to B(Qqp) and B(Qy.) in the appropriate limit.

We now show that it is possible to recover the simple events of B(€.) and B(Qq.),

and in consequence both algebras, from the elementary events of B(Q4p.) (Table 2.3) and
from equations (2.2.3) and (2.2.4).

The atomic events of B(Qu) in B(Qupe)

Let us begin finding the equivalence in B(Q4p.) of the 4 simple events of B(Qyy).

) (140w = { (140, Tae} = {(+HL +Dap (1,410 V (+1,~1)ae v

(~1,4+D)ac V (=1, ~Dac |
= {(F1, +D)ap, (+1,+1)ac } v
{(+1 +1)ab, (+1, —1)ac} Vv (2.2.8)
{CHL 40w, (141} v
{(HL 40w, (1, ~ac}
By V EyV B3V Ey

where we have used the property (2.2.4a).

In a similar way:
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ii) (+1,—1)ap = {(+1, —1)ap, Hac} = {( Db, (1, +1)ge V (+1, 1) g V
(—1,+1)ge V (=1, 1), }
= {(+1 ~1ab, (+1,+1)a }v
{(+1 —Dap, (+1,- }v (2.2.9)
{( 1, =Dy (=1, +1)ae ) V
(+1, =D (=1, 1)ac }

=E;VEsVE;VEg

iid) (=1, 4Dap = {(=1, 4Dy Te } = { (=1, 4 Daps (+1, 410 V (+1,~1)ac v
( 1 +1)ac ( 17_1)CLC}
=1L, 41)ap, (+1,4+1)gcp V

v
}

1,+1)a, (+1,-1 ac} v (2.2.10)
} v
}

={( )
{(-1,+1) )
{140, (=1, +1)ae
{( L+1)ap, (=1, =1)ae
E.

9V EV EiVE;

i'U) (_11 _1)ab = {(_17 _1)ab7 ]Iac} = {(_]—7 _1)aba (+1a +1)ac \ (+1a _1)ac \

(=1, +1)ae V (— 1,_1)ac}

= {(—L Db, (+1,+1), }v
{1, =D, (+1, Ve v (2.2.11)
{1, 1w, (-1 +1ac} v
{(—1, Daps (—1,~1)a }

Eg\/E14\/E15\/E16

A summary of these equivalences is shown in Table 2.4.

The Atomic Events of B(Q,.) in B(Qape)
Let us now find the equivalence in B(24p.) of the 4 Simple Events of B(Q4.).
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Simple events of B(Q,;) Equivalence in B(Qgp.)
(+1,+1)as { (+1, +1)ap, Lac } E1V Es V Es V Ey
(+1. =D { (L —Vap, T } | BsV BV Er v Ey
(=1, 41)ap { (=1, 41)ap, } EgyV EygV E11 V Eqo
(=1, ~1)as { (—1,~1)as, } B3V Ewa V Eis V Eig

Table 2.4: Equivalence of the 4 atomic events of B(

i) (+1,+1)ac = {Hab, (+1,+1)ac} { +1,4+1)4p V (+1,=1)4p V

(
(=1,41)ap V (=1, —
{(+1 +1)ap, (+1, +1)ac} vV
{(+1, Dap, (+1,+1), }v
{( L+1)ap, (+1,+1), }\/
{( 1, —1)ap, (+1,4+1), }
V EsV EqV Ei3

where we have used the property (2.2.4b).

Analogously:

”) (+17 _1)ac = {Ham (+1, —1)110} = {(+1, +1)ab vV (‘f‘l7 _1)ab \Y

(=1, +1)ap V (=1, —1)ap, (+1,71)ac}

+1 +1 aba 17_1)110} \
+1, =), (+1,—1)ge V

-{
{(+1,-1)
{( 1, +1)aps (41, —1)ge b V
{(=1.-1)

E

1,—1)ap, —|—1 —1)

5V EgV EigV Ei4
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iii) (=1, +1)ge = {]Iabv (—17+1)ac}

= {(+1,+1)
(=1, 41)ap V (=1, —1)as, (—1,+1)ac}
)

= {(+1,+1

=

These equivalences are summarized in Table 2.5.

ab V (+]—7

_]-)ab \Y

\/E7\/E11 \/E15

i) (=1, ~Dac = {Lups (=1, =Dac } = { (+1,+1)ap V (+1, = 1)as V

(

(~L+D)ap V (=1, =Daps (<1, =1)ac}
{(+1 +1)ab, —1,—1)ac}v

{1, =Dap, (-1, =Dac} v

{( 1, +1)ap; (—1,—1)q }v

{( 1, ~1)ap, (—1,-1), }

1wV EsV Ei15V Eqg

(2.2.14)

(2.2.15)

Simple events of B(Qq.) Equivalence in B(Qp.)
(+1, +1)qe { Loy, (+1,+1)ac } E\V EsV EyV B
(+1, —1)ac {H by (41, —1)ac } EsV EgV EyoV By
(=1, 4+1)ac {]1 by (— 1,+1)ac} E3V E;VE;V E5
(=1, ~1)ac { Loy, (=1, —1)ae } E4V EgV EiaV Eig

Table 2.5: Equivalence of the 4 simple events of B(Qq.) in B(Qape)-

2.2.5 Correlation events

Once known the equivalence of the atomic events of B(
is possible to find the equivalence in B(£24pc) of any event from B(
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Qap) and B(Q,

Qap) and B(£,

o) in B(Qabe),

it

2.

In subsection 2.1.2 we saw that it is more useful to measure the product A,B, that the
individual properties A, and B, when we look for measuring correlations between pairs of
particles because A, B; involves properties from both of them. We also said that in order



to completely characterize the correlations system, it was enough to determine the value
of Mgy, i.e., the mean value of A,B;, (1.1.6).

We now have a system with two excluyent configurations to perform the measurements.
In the configuration with measurement parameter b for site B, the product to determine
is still A, By; however, for the other configuration, whose measurement parameter for site
B is ¢, the product to be determined is A,B.. For such a reason, we now need a greater
amount of information to completely characterize the correlations system.

In particular, along with the mean value of the two products mentioned above, we need
to determine the mean value of the product By B, which involves information related with
the properties of the particle located at site B for both configurations.

However, there is a little problem: it is not possible to measure the three products in
a same experimental run given that the two configurations are excluyent.

Nevertheless, according to Realism Hypothesis (Hypothesis 4) “particles emitted
from the source carry within them the information to be measured for all possible pairs
of parameters to be selected at sites A and B; it is so, even if the information for one or
more pairs of parameters is not measured”. Therefore, we can assume that the information
for A,By, AyB. and By B., which is related to some inherent properties of the particles,
is already contained within them, even if we are not able to measure for all the pairs of
parameters in a same experimental run.

We must now identify the events of B(£24p.) producing those three products.

To obtain the value of A, By, A, B and BB, from each elementary event of Table 2.3,
we must multiply:

1. The two values of the first parentheses, which refers to the configuration with param-
eters a and b, to get A,Bp.

2. The two values of the second parentheses, which refers to the configuration with pa-
rameters a and ¢, to get A, B..

3. The second value of both parentheses, which involves both configurations, to get
By B..

Once knowing the value of A, By, A,B. and By B, for each atomic event, it is conve-
nient to define a new kind of event from the disjunction of the elementary events with
the same value for each of these products. These new events will be named correlation
events because they provide to each single run of a complete description of the correlation
between the pair of particles, i.e., they contain the value for the products A, By, A, B and
By B, for each single run.

Given that these products can each take two values (+1 and —1), it is possible to form
8 events of this kind. These events are shown in the Table 2.6. There it is possible to see
the value of each product for the 8 correlation events.

Correlation events comply with the following properties:
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Correlation events | Equivalence in atomic events | A, B, | A,B. | ByB.
Cq E\V E4 +1 +1 +1
Cy E4V FEis +1 +1 -1
Cg E3V Eqy +1 -1 +1
Cy E5V Eq5 +1 -1 -1
Cs FEs V Eq -1 +1 +1
06 E5 vV Elg -1 +1 -1
Cr EgsV Eqq -1 -1 +1
Cs E,;V Eqg -1 -1 -1

Table 2.6: Definition of the correlation events, their equivalence in elementary events of B(Qp.) and
their value for the products A,By, A,B. and BB..

Z) Ci V-V Cs = (2216&)

i) QAQ{

C; ifi=j, withi,j=1,...,8

e (2.2.16b)
Dape if1# 7, withi,j=1,...,8

These properties can be verified by using (2.2.5) and the values from the Table 2.6.

Since correlation events contain the information for each product and they have the
properties mentioned above (2.2.16), they are a useful set of events to describe the cor-
relations between the pairs of particles. For such a reason, from now on we will express
everything in terms of these events.

It is important to remember that we have not said anything about locality yet. Later
on we will see that with the introduction of this hypothesis, several correlation events will
be the impossible event.

2.2.6 Product events and the Correlation Function

In the previous subsection we said that in order to completely characterize the corre-
lations system between the pairs of particles we needed to determine the mean value of
A.By, AyB. and By B.. For this reason, we defined the correlation events, which contain
the values for each of these products to be measured in a single run.

However, given that the two configurations of the experimental setup are excluyent, it
is impossible for us to measure in a same run the value of the three products.

Therefore, we need to find a new kind of event that only contains the information
that we are able to completely measure in a single experimental run, i.e., we must look
for events containing only the information for one of those products. To do this, we will
follow a similar way to that from section 2.1.2.

In that section we looked for determining the mean value of A, By, so we found conve-

nient to define the events e, and d,;, based on the value that this product took in each
measurement: the event £, considered the cases where A, and By, got the same value (i.e.,
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AyBy = +1), while d,5 took into account the cases where A, and By acquired a different
value (i.e., 4,Bp = —1).

We named product events to 4, and d,, because they were defined based on the
value that the product A,B, get when measured. We then said that this kind of event
was what we must measure in the lab.

Finally, we said that the Correlation Function @5, which is the classical prediction for
the mean value of A, By, depended only on the events €, and d,p (2.1.8).

Something similar happens with the configuration with measurement parameter c: the
product A, B, has as Correlation Function to )., which depends, in turn, on the product
events 4. (AyB. = +1) and d,4c (AgB: = —1).

Then, we see that product events contain the information for only one product, re-
gardless the information for the other products.

Let us now come back to the 2-configuration system where we were working on. Such
system considers the two configurations described above.

Product events for B(Q4p.) must be similar to those developed for B(Q4;) and B(Qqc),
thus the only thing we need to do is to express €4p, dap, Eac and dqe in terms of common
algebra B(Q4p¢), which contains the information for both configurations. Therefore, from
Tables 2.4, 2.5, 2.6, we have that:

i) Eap = {éam ]Iac} = {(+1,+1)ab V (=1, =1)ap, Hac}
= {(F1 D)y Tae p Vv { (-1, Vs, L}
- {El V EsV B3V E4} VIEVELV Esv E16} (2.2.17)
— E\VEsV EsVELV EisV EiV Eig V Eig

=C1VCyV O3V (O,

i)  Oap = {5ab, ]Iac} = {(+1a —Dap V (=1, +1)ab, ]Iac}
= {1, =Dy Tae p Vv { (-1, +Dap, T }
- {E5 V EsV ErV Eg} v {Eg V EioV En V E12} (2.2.18)
= EsVEgV ErV EsV EyV EgV En V En

=CsVCsVCrVCs

ZZ’L) Eac = { ab Eac} { aba +1 +1 ac (_17_1)110}
{ ab) +1 +]- } {]Iab7 (_17 _]-)ac}
- {E1 V EsV EoV Elg} v {E4 V EsV Ejp V Ew} (2.2.19)

:El\/E4VE5\/E8\/E9\/E12\/E13\/E16

=C1VCyV 5V (s
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) 8ac = {Tan, dacf = {Tan, (41, =Dae V (~1,+1)ac }
= {Tap, (FL=Dacp v {Laty (-1, +1)ac }
- {E2 V EgV Eg V E14} v {E3 VE;VEnV E15} (2.2.20)
= By V By V EgV By V ErgV Eny V By V Br

=C3VvCyVCOrVCs

where the terms to the left of the equivalence sign are events of B(€Q,;) and B(Q,.), while
the terms to the right are events of B(4pc)-

To make it simple, it is convenient to use a new nomenclature for the product events
described above:

U, = {eab, ]Lw} (2.2.21a)

Uz = {5ab7 Hac} (2.2.21b)
and

Vi = {La, 2ac) (2.2.22a)

Vo= {llazn 6ac} (2.2.22b)

where {Uy,Us} and {V1, Va} C B(Qabe)-

In the same way as we did in subsection 2.1.2; it is convenient to group by pairs
the product events {Uy,Us} and {V1,Va} because they are complementary events, i.e.,
Uy =Ui, Uy =Uj, Vo = V{ and Vi = V. It can be easily verified by using (2.2.17) -
(2.2.20) and (2.2.16). We will see the usefulness of this property later in Chapter 3.

The importance of the product events lies on that they are what we are interested in
measuring in the lab.

Let us now define the probability algebra < B(Qape), P > in a similar way as we did in
subsection 2.1.3. Such an algebra assigns a probability to happen to each event of B(Qqp.).

We are particularly interested in assigning such probability to the product events be-
cause the Correlation Functions Q4 and Q4. only depend on them. In this way, we can
now express (2.1.8), which is defined in < B(Qq), P >, in terms of < B(Qqp.), P >.

Then:

Qup = P(eay) — P(3ay) = P(Uy) — P(Us) (2.2.23)

where £, and g € B(Q4p), while Uy and Us € B(Qape)-
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In a similar way:

Que = P(ae) — P(60c) = P(V1) — P(Va) | (2.2.24)

where £, and 4. € B(Qq.), while Vi and Vo € B(Qape)-

At this point, it is possible to think that, as well as A, By, and A, B, have a Correlation
Function and they are associated to specific pairs of product events, B,B. must be too.
However, there is a little difference.

While A, By, and A, B, involve information about only one configuration and they can
be measured in a same run, BB, involves information about the two configurations and,
as a consequence, it cannot be measured in a same run.

For this reason, it is precise to define a new pair of product events and a new Correla-
tion Function for ByB..

Definition 5. Product events &, and ..

1. The product event &y, is the compound event formed by the disjunction of all the
simple events of Qupe such that By, = B., i.e.:

Ebc = +17+1)aba +1 +1 ac

( )
(+1’_1)aba +1 _1)ac
( +1)

(2.2.25)
( )

}

}
1,4 ey, (41,41 ac} v
- }

N N

L= Dby (+1,~Dac v{ ~1, =Dy (~1, = Dae
=E1VE3sVEsVEsVEgVE1VE.Y Eg

=Ci1vC3Vv sV Cr

2. The product event ny. is the compound event formed by the disjunction of all the
simple events of Qupe such that By, = —B, i.e.:

Moe = 1 (1, +1)ap, (+1, =1)ac +1,+1)ap, (=1,—1

( 1 +1)aba +17 -1 ac 17+1)aba (_L_]- ac

(2.2.26)

A N

(+1.=Dac p v {( Jac }
(+1. =Dty (+1, 4+ f V {(HL, =Dy (~L+1)ac v
(+1.=Dac p v { (- Jac }
(+L 4D p v { (- Jac }

( )ab, +1 +1 ac \/{ 17 )aba (_1;+1 ac

E \/E4\/E5\/E7\/E10\/E12\/E13\/E15

=CyvVCsVCsVCy
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Let us now state a useful lemma about the symmetry of these events in relation to the
interchange of the parameters b and c.

Lemma 2. The events &y and mpe are symmetric in relation to the interchange of sub-
scripts, i.e.:

Ebc = Ecb (2227&)
Tlbe = Ticb (2227b)
Proof. 1t is a direct consequence from Definitions 4 and 5. O

Once defined &,. and 7, it is possible to obtain the Correlation Function for the
product By B.. This new function must be similar to the Correlation Function @) because
they are classical predictions for the mean value of the product of two properties.

Definition 6. The Correlation Function D is defined as the classical prediction for
the mean value of the product ByB.. This function only depends on the events Epe. and Ny,
and is given by:

Dy = P(gbc) - P(nbc) (2228)

Given that &,. and 7. are symmetric in relation to the interchange of parameters b
and ¢, the Correlation Function D is too. It is shown in the following corollary:

Corollary 1. The Correlation Function D is symmetric in relation to the interchange of
subscripts, i.e.:

Dbc - ch (2229)
Proof.
Dye = P(&be) — P(1he)
= P(&eb) — P(nes) (2.2.30)
= ch )
where we have used Lemma 2 to get the second line. O

As {U1,Us} and {V1, V,}, it is also convenient to group in a pair the events {&pc, Mpc }
because they are complementary events too, i.e., my. = &, and &. = 7. It can be easily
verified by using (2.2.25), (2.2.26) and (2.2.16).

The fact that the pairs {Uy,Us}, {Vi, Va} and {&pe, Mye} are complementary events is a
handy property that will be used later in Chapter 3 to obtain the Bell-CHSH inequality

in a merely algebraic way.

The product events, their equivalence in B(€4p.) and the products they are related to
are shown in Table 2.7.
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Events in B(Qqp) and B(Qqc)

Equivalence in B(Qqpc)

Product measured and its value

€ab { €abs Tae } U, CiV CQ V Cg \Y C4 AaBb =41
dab { dabs Tac } Us | C5VvCsVCrVCs A,By = —1
€ac { Hab; €ac } Vl Cl \Y CQ V 05 V CG Ach =41
6(10 {Haln 5ac} ‘/2 03\/04\/07\/08 Achzfl
- Nbe CoVvCyV CVCs ByB. = —1

Table 2.7: The product events, their equivalence in B(245.) and the products they are related to.

2.2.7 Events defined from two conditions

In previous subsections we have already studied events defined on 3 conditions (corre-
lation events) and over 1 condition (product events). The first ones provide a complete
description of the correlations system for each single run, while the second ones only con-
tain the information we are able to measure in a single run.

Let us now study events defined on 2 products or conditions. In order to obtain them,

we will use the conjunction of product events.

1. Events obtained from pairs {U;,Us} and {Vi,V5}: (conditions on A,B, and

Ach)

) UL AV = (C'1VCQ\/C3VC4)/\(Cl\/CQ\/Cg,\/C(;)

i) Uy ANVp= (Cl\/CQ\/Cg\/C4)/\(Og\/C4\/C7\/Cg>

i) Us AVi = (05\/06\/07\/08)/\(Olvcg\/05\/06>

) uz Avg = (c5v06vc7vcg)A(cgvc4vc7vcs)

=C1 VvV,

=C3Vv(Cy

=C5V Cq

=C7 Vv Cy

(2.2.31)

(2.2.32)

(2.2.33)

(2.2.34)

2. Events obtained from pairs {U;,Us} and {&, Mo}t (conditions on A, By, and

BbBc)

0 UL A&y = (01VC2V03VC4)/\(C’l\/Cg\/C5\/C7)

=C1VCs

34

(2.2.35)




i) (hAnw:(CﬂuzvcganA(aﬂunvcgvcg

(2.2.36)
=CyVCy
m)Uﬂ@f{Qv%v@v@w%av@v@v@)
(2.2.37)
=C5VCy
iU) UQ/\’I?bc:(05\/06\/07\/08)/\(CQ\/O4\/C6\/08)
(2.2.38)

=Cs V Cy

3. Events obtained from pairs {Vi,V2} and {&.,ns.}: (conditions on A,B. and
BbBc)

i) vQA@cz(clvcbvcgvc%)A(Clvcgvc5vcﬁ

(2.2.39)
— )V Cs
i) %AW;<Qv@va%y%@v@v%v@>
(2.2.40)
= Cy V Cs
i) %ASM:(GﬂMLVCHVQJA(CﬂM%VC%VCO
(2.2.41)
:Cg\/C7
’L"U) VQ/\’I]bC:(Cg\/C4\/C7\/Cg)/\(CQ\/C4\/C@\/CS>
(2.2.42)

=Cy Vv (g

These events are summarized in Table 2.8. Their importance will be seen later on with
the introduction of Locality Hypothesis.

2.2.8 Locality Hypothesis

As we have already said, Realism Hypothesis proposes that particles emitted from the
source carry within the information to be measured for all possible pairs of parameters
to be selected at sites A and B. This hypothesis, however, does not place any kind of
restriction on the information carried within the particles beyond the fact that this one is
produced by pairs, one for each system’s configuration.

35



A Uy Us Vi Va Ebe Moe
Uy Uy Dabe CiVvCy | C3VvVCy | C1vVC3 | CyVvCy
U, Dabe U, CsVvCs | CrVCs | CsVvCr | CgVCy
Vi | CivCy | C5VCq %1 Dabe Ci1VvCs | CaVCq
Vo | C3VvCy | CrVCy Dabe Vs C3VvC; | CyVCy
§oe | C1 V05 | CsVC7 | C1VCs | C3V (Y Ebe Dabe
Tbe 02 V 04 06 V CS C(2 V C6 04 V C18 D abe Tbe

Table 2.8: Events defined on two conditions. Given that each product event is related to the value of
one product, then the conjunction of two of them contains information on the value of two products.

The absence of an additional restriction allows, for example, cases where A, takes a
different value depending on the measurement option chosen at site B, which implies in-
stant and long-distance communication, specially if sites A and B are located far away
from each other.

Given that we want to reject this kind of communication from the problem’s descrip-
tion, we must add any restriction on information so that cases like the stated above are
prohibited. Thus, we propose the following hypothesis:

Hypothesis 5. Locality. Sites A and B are arbitrarily far away from each other and
from the source that is emitting the particles, and any kind of instant and long-distance
communication between them has been rejected. Then, measurements made at site A have
no effect on measurements carried out at site B, and vice-versa. In particular, switching
the measurement parameter at site B does not affect the result at site A.

The hypothesis above implies that, although the information was produced by pairs
during production process, each particle carries within only those properties assigned to
it, regardless of the properties laid on the other particle. Then, it is possible to ”factorize”
a unique value for A,, By and B, from the information contained within the simple events.

Therefore, under locality there are independent functions v4 and vwg such that vy :
a — {+1,—1} at site A and vp : {b,c} — {+1,—1} at site B, which enables that
function f (2.2.7) can be factorized in the following way:

fis=1(sa,s8)— v=(va(sa),vB(sB)) (2.2.43)

Then, function v4 corresponds to the property A,, while function vg corresponds to
the properties measured at site B.

Each function f corresponds to one atomic event allowed by Locality Hypothesis. Then,
since there are 2 v4 and 4 vp different functions, the total number of simple events under
locality is 2 x 4 = 8. These events along with their factorized values for A,, B, and B,
are shown in Table 2.9.

In this way, factorization is the condition imposed by locality on the algebra of events.
On the other hand, simple events with no factorizable function f as given in (2.2.43)
are prohibited; in other words, those events for which it is not possible to factorize a unique

value for A,, B, and B, from the information contained within them are the impossible
event Jqpe. It can be expressed in the following way:
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Atomic event A, | By | B.
B {(+1r+1hw,(+1f+1ac} +1 [ +1 | +1
B {(+1f+1am HJw—lhc} +1 | +1 | -1
Es {(+1r—Uam(+4»+1Lw} +1 | =1 +1
Ee {(+1r*Uam(+&,71Lw} +1 | -1 -1
En {(—1f+Uam(—4¢+1Mc} —1 | 41| +1
E1s {(—17+1)ab, (_1,_1)ac} 11|
P [ {0 o (o) |1
Eie {(_17_1)aba (—1,—1)ac} “1]-1] -1

Table 2.9: Atomic events allowed by locality along with their factorized values for A,, By and B..

{(il,x)ab, (¥17y)ac} = Dape , where z,y = {+1,—1} . (2.2.44)

So, under locality, atomic events F3, E4, E7, Eg, Eg, F1g, E13 and Ey4 are the impos-
sible event @gpc.

Locality Hypothesis drastically reduces the number of events allowed by the single Re-
alism Hypothesis since the number of atomic events is reduced from 16 to 8, going from
an algebra of 2'6 = 65, 536 events to one of only 28 = 256 events.

Moreover, with the introduction of Locality Hypothesis and the condition of factoriza-

tion, we are also imposing a restriction on the values that A, By, A, B. and By B, can take.
Thus, we obtain the following Locality Criterion for products:

A,By x AyB. = ByB. (2.2.45)

This is also a Locality Criterion for correlation events since these ones are based on
the value each of the three products takes for a single run.

Correlation events along with their value for each product are shown in Table 2.10. If
the event complies with the property of factorization imposed by the Locality Hypothesis
(2.2.43) or (2.2.45), such an event is a local event (L); otherwise, the event is non-local

(NL), being, therefore, the impossible event @ gp..

From this table it is possible to see that the non-local character of correlation events
Cy, C3, C5 and Cg can be obtained by using either (2.2.44) or (2.2.45).

As under locality many atomic and correlation events are the impossible event @gpe,
product events are simplified. It is shown in Table 2.11.

Let us now discuss the importance of Locality Hypothesis.

In Table 2.8 events defined on 2 conditions were shown. With the simplifications in-
troduced by locality, events from that table get smaller. This is shown in Table 2.12.
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Correlation events | Equivalence in atomic events | A, B, | A,B. | ByB. | Locality
Ch EqV Eqg +1 +1 +1 L
Cy E,V Ei3 +1 +1 -1 NL
Cy EsV Eqy +1 -1 +1 NL
Cy E>V Ei5 +1 -1 -1 L
Cs Es V Ey -1 +1 +1 NL
Cs EsV Eqo -1 +1 -1 L
Cy EsV E11q -1 -1 +1 L
Cy E;V Eqg -1 -1 -1 NL

Table 2.10: Local (L) and non-local (NL) correlation events.

Product event | Equivalence in atomic events | Equivalence in correlation events
Uy E1V EyV Ei5V Eg C1VCy
Us EsV EgV Ei1 V Eqg Cs VvV C7
1 E,VE;V E;;V Ej C1V Cs
Vs E>V EgV E1q V Eqs CyV Cy
be E1VEsVENnV Eg Ci v Cr
Mpe EyV EsV E5V Eqs Cy Vv Cq

Table 2.11: Product events and their equivalence in terms

by Locality Hypothesis.

of atomic and correlation events allowed

N Ul U2 ‘/1 ‘/2 gbc Moe
U | U | Gape | C1 Cy Cy Cy
Us | Dape | Us Cs Cr Cr Cée
i | Oy Cs Vi | Dape | C1 Cs
Vo | C4 Cr | Dape | Vo Cr Cy
fbc C(1 C’T C'1 C('7 gbc Dabe
Mbe C4 C6 CG C4 gabc Mbe

Table 2.12: Events defined on two conditions allowed by Locality Hypothesis.

From this table it is now easy to obtain the following relations:

i) ULAVE =Up Abpe = Vi A& = Cy (A, = By = B.) (2.2.46a)
i) Uy AVa=Ui Ampe = Va Ao = Ci (A, = By # B.) (2.2.46b)
141) Uy ANV =Us Ape = Vi A e = Cg (A, = B. # By) (2.2.46¢)
iv) Us ANVo =Us A &pe = Vo A &pe = Cr (A, # By = B.) (2.2.46d)

These relations are very important because of two reasons:
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1. They are a Locality and Realism Criterion for the boolean algebra of events since
they were obtained by applying these hypotheses.

2. They are the connection between the boolean probability algebra and Bell-CHSH
inequality given that they introduce Locality and Realism into the algebraic proof of
this last one, as it will be seen later.

In this chapter we have shown that Bohm-EPR experiment supports a local-realistic
boolean probability algebra, which has been constructed. The following step is to show
the equivalence between this last one and Bell-CHSH inequality. This will be done in the
following chapter.
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Chapter 3

Algebraic proof of Bell-CHSH
inequality

In this chapter we use the boolean probability algebra developed in the previous chap-
ter to give a merely algebraic proof of Bell-CHSH inequality, showing that the essential
part of the problem lies on the probability algebra associated to the experiment and not
on the hidden-variables.

Let us begin this chapter stating a lemma that will be useful in the algebraic proof of
Bell-CHSH inequality.

Lemma 3. Let T be an arbitrary event and let {S1,S2} be an arbitrary pair of comple-
mentary events. Then:

P(T) = P(T ASy) + P(T ASy) (3.0.1)

The proof is given in the Appendix.

This lemma is specially handy when used with the pairs of complementary events
{Ulv UQ}? {Vla Vr?} and {gbcanbc}'

We now give the algebraic proof of Bell-CHSH inequality. The first step is to state two

lemmas, which are Locality and Realism Criteria for the Correlation Function @ given by
(2.1.8), (2.2.23) and (2.2.24).

Lemma 4. For every choice of parameters a, b and ¢, the Correlation Function Q for any
local-realistic boolean probability algebra satisfies the following inequality:

Q(Lb - Qac < 1- Dbc (302)

where

Dy = P(gbc) - P(nbc) (303)

Proof. From (2.2.23) we have that:

Qap = P(U1) — P(Us) (3.04)
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where Uy and Us € B(Qape)-
In a similar way, from (2.2.24) we have that:

Qac = P(V1) — P(V2) (3.0.5)
where Vi and Va € B(Qape)-

Then:
Qub = Que = (P(W1) = P(U2)) = (P(Vi) = P(V2)) (3.0.6)

Using Lemma 3 (3.0.1), with {S1, 52} = {V1, V2} in the terms of the first parentheses
and {51, 52} = {U1, Uz} in the terms of the second parentheses, we get:

O — Qe = (P(U1 AVA) + P(Uy A VQ)) - (P(U2 AVL) + P(Us A v2)> -

(3.0.7)
(P(V1 AUL) + P(Vi A U2)> n (P(v2 AUL) + P(Va A UQ))
Knowing that events are commutative (A.0.1b) and simplifying:
Quty — Que = 2 (P(U1 AVa) — P(Us A V1)> (3.0.8)

Using the fact that probability functions are always non-negative and that, if x > 0
and y > 0, then z +y > x — y, with 2,y € RT, we have that:

Qub = Que <2 (P(UL A V2) + P(Uz A VR)) (3.0.9)

Adding and subtracting P(U; A Vi) and P(Us A Va):

Qu — Que < 2 (P(U1 AVR) + P(Us A V1)> (P(U1 AVA) — P(Uy A Vl)) +

(P2 A V2) = P(U2 1 Va)) -
(p (U, AVA) + P(UL Av2>) (P(U2 NG +P(U2/\V2)) n a
(P

P(Uy AVa) = P(UL AVA) ) + (P> A VA) = P(U A V) )

From Lemma 3 (3.0.1) and rearranging terms we obtain:

Qub—Qac < P(U1)+P(U2)+(P(U1/\V2)+P(U2/\V1))—(P(Ul/\Vl)+P(U2/\V2)> (3.0.11)

where we have used {S1, S2} = {Uy, Uz }.
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Knowing that P(Sl) + P(SQ) =1, with {Sl,SQ} = {Ul, Ug}, we get:

Qub = Que <1+ (P(UL A Va) + P(Uz A V1)) = (P(UL A VA) + P(Uz A V) (3.0.12)

Using the relations stated in (2.2.46), we have that:
Qab — Qac <1+ (P(Ul Anpe) + P(Ua A 77bc)> - (P(Ul A &pe) + P(Uz A fbc)) (3.0.13)

Finally, using again Lemma & (3.0.1) with {S1, S2} = {U1, Uz}, we obtain:

Qab - Qac < 1 + P(nbc) - P(gbc)
<1- (P(gbc) - P(nbc)) (3.0.14)
1- Dbc )

N

which is the expected result.
O

A remarkable fact is that terms on the left hand side depend on the parameter a, while
the terms on the right do not. It means that if we switched parameter a to d, we would
get the same result.

From the previous lemma, we can get the following corollary.

Corollary 2. For every choice of parameters a,b and c, the Correlation Function Q for
any local-realistic boolean probability algebra satisfies the following inequality:

(Qub = Qu

<1— D, (3.0.15)

Proof. From the equations (3.0.2) and (3.0.3) we have that:

Qab - Qac < 1- Dbc (3016)

On the other hand, from Corollary 1 (2.2.29), we have that Dy. = D.,. Hence:

(3.0.17)

Now, let © = Qup — Quc and y = 1 — Dy, be. Then, knowing that 1 — Dy, > 0, we
obtain, from (3.0.16) and (3.0.17): z < y and —z < y. This can be expressed in a different
way: |z] < y.

Thus:
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|@ap = Qu

<1- Dy, (3.0.18)

which is the expected result.

We now state the second lemma.

Lemma 5. For every choice of parameters a, b and ¢, the Correlation Function Q for any
local-realistic boolean probability algebra satisfies the following inequality:

Qab + Qac < 14 Dbc (3019)

Proof. From (2.2.23) we have that:

Qab = P(Ur) — P(Us) (3.0.20)
where Uy and Uy € B(Qape)-

In a similar way, from (2.2.24) we have that:

Qac = P(V1) — P(V2) (3.0.21)
where V1 and V5 € B(Qape)-

Then:
Qub + Que = (P(U) = P(U)) + (P() = P(12)) (3.022)

Using Lemma 3 (3.0.1), with {S1, 52} = {V1, V2} in the terms of the first parentheses
and {S1,52} = {U1, Uz} in the terms of the second parentheses, we get:

Qs + Que = (P(U1 AVA) + P(UL A VQ)) - (P(U2 AVL) + P(Us A V2)) +

(3.0.23)
(P(v1 AUY) + P(Vi A Ug)) - (P(V2 AUL) + P(Va A UQ))
Knowing that events are commutative (A.0.1b) and simplifying:
Qus + Que =2 (P(U1 A VA) = P(U; A V3)) (3.0.24)

Using the fact that probability functions are always non-negative and that, if x > 0
and y > 0, then z +y > x — y, with z,y € R", we have that:

Qub + Qae <2 (P(ULAVA) + P(Uz AV2)) (3.0.25)
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Adding and subtracting P(U; A V) and P(Us A V4):

Qab + Quc <2 (P(U1 AVL) + P(Us A VQ)) (P(U1 AVa) — P(Uy A 1/2)) +
(P (Us AVA) — P(Us A Vl))
(3.0.26)
(P (UL AVA) + P(U; A VQ)) (P(U2 AVL) + P(Us A VQ)) n
(

P(Uy AVA) = P(Uy A Va) ) + (P(U2 A Va) = P(U; AVA)

From Lemma & (3.0.1) and rearranging terms we obtain:

Qub + Qe < P(UY) + P(Uz) + (P(UL AVi) + P(Uz A V) ) = (P(UL A Va) + P(Uz A VA))
(3.0.27)
where we have used {S1, S2} = {Uy, Uz}

Knowing that P(Sl) + P(SQ) =1, with {Sl,SQ} = {Ul, Ug}, get:

Qw+Qw<1+UWﬁAWHJWhA%D—(HMA%%HWEA%» (3.0.28)

Using the relations stated in (2.2.46), we have that:
Qub + Que <1+ (P(UL A o) + P(U2 A &) = (P(U Ame) + P(U2 Amae) ) (3.0.29)

Finally, using again Lemma & (3.0.1) with {S1,S2} = {U1, Uz}, we obtain:

Qab + Qac < 1+ P(Sbc) - P(nbc)

<1+ (P(&e) = Plme)) (3.0.30)
<1+Dbc7

which is the expected result.
O

As before, terms on the left hand side depends on parameter a, while the terms to the
right do not. Switching parameter a to d produces the same result.
Based on Corollary 2 (3.0.15) and Lemma 5 (3.0.19), we now state the Bell-CHSH

inequality.

Theorem 4. For every choice of parameters a, b ,c and d, the Correlation Function )
for any local-realistic boolean probability algebra satisfies the following inequality:

|Qub — Que

+ Qap + Quc < 2 (3.0.31)
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Proof. From Corollary 2 (3.0.15) we have that:

’Qab - Qac < 1-— Dbc (3032)

On the other hand, from Lemma 5 (3.0.19):

Qab + Qac < 1+ Dy (3.0.33)

where we have switched a to d.
Adding (3.0.32) and (3.0.33), we obtain:

‘Qab - Qac + de + Qdc <2 (3034)

which is the expected result.
O

We have thereby shown that Correlation Function @) satisfies Bell-CHSH inequality in
addition to two new Locality and Realism Criteria. Then, because the proof is merely
algebraic, boolean probability algebra over which @ is defined and Bell-CHSH inequality
are equivalent.

In the following chapter we will show that any hidden-variable physical model corre-

sponds to a local-realistic boolean probability algebra, evincing that both approaches are
completely equivalent.
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Chapter 4

Equivalence between
hidden-variables models and
boolean probability algebras

The aim of this chapter is to show that probabilities over any hidden-variable physical
model correspond to those ones for a local-realistic boolean probability algebra.

4.1 The I'-phase space

4.1.1 Regions of I

In Chapter 1, we said that Bell introduced the I'-phase space as a way of representing
the space where A lies in. Let us now study its properties carefully.

According to Realism Hypothesis, each region of I' contains the information for all the
possible configurations of the experiment. On the other hand, Locality Hypothesis states
that the asymptotic value of A keeps a unique value for A,, B, and B.. Therefore, regions
with a distinct value for A, depending on the configuration are prohibited.

Then, the local-realistic region of I' can be divided in 8 regions, named origin regions,

which are shown below:

Ty = {MAs(\) = +1, By(\) = +1, Bo(\) = +1} (4.1.1a)
Ty = {MA.(\) = +1, By(\) = +1, B.(\) = —1} (4.1.1b)
Ts = {MA.(\) = +1, By(\) = —1, B(\) = +1} (4.1.1c)
Ty = {NA.(\) = +1, By(\) = —1, B.(\) = —1} (4.1.1d)
Ts = {A4a(\) = —1, By(\) = +1, B.(\) = +1} (4.1.1e)
Ts = {MA.(\) = =1, By(\) = +1, B.(\) = —1} (4.1.1f)
Tz = AAa(V) = =1, By(\) = -1, B.(\) = +1} (4.1.1g)
Ts = {\As(\) = =1, By(\) = —1, B.(\) = —1} (4.1.1h)

Thus, when we carry out a measurement, variables A,, By and B, take the value spec-
ified in the brackets according to the A determined at the time of production process.
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As origin regions are sets of values of A, from now on we will treat them as sets.

Using the Set Theory and the union (U) and intersection (N) operations, we can express
the characteristics of the origin regions in a more adequate way:

i)  TyU---UTg=T (4.1.2a)
I, ifi=j, withij=1,...,8

- roAr - 4.1.2b
Wt {w ifi#j, withi,j=1,..,8 e

where T is the local-realistic region of the phase space and () is the empty region.

In addition, it is possible to construct any region of I' from the eight origin regions
(4.1.1). Let v be an arbitrary region (distinct of @) of I'. Then:

y=T;U---UTl,,, (4.1.3)

where ¢,...,m=1,...,8.

4.1.2 The Probability Integral over I'

So far, we have just discussed the origin regions of I and their properties, but we have
not said anything about the integral [dp yet. This integral is a function that takes a
region from I' and returns a numerical value between 0 and 1. In particular, it complies
with the following;:

i) dp = (4.1.4a)
i) dp = (4.1.4b)

Also, from Set Theory, we have that if v; and 7, are two arbitrary (not necessarily
origin) regions , it turns out that:

/ dp :/ dp + / dp —/ dp , (4.1.5)
Y1U72 ot Y2 Y1My2

In particular, for the case where v; and -y, are two different origin regions, say I'y and
Ty, with k # [, we get, using (4.1.2b) and (4.1.4b):

/ dp :/ dp + / dp (4.1.6)
I UT T r

So, as any arbitrary region v (distinct from @) can be expressed as the union of origin
regions (4.1.3), it turns out that:

/dpz/ dpz/dp+-~-+/ dp (4.1.7)
¥ I'yu---ul,, T; T
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where 4,...,m=1,...,8.

The usefulness of this equation lies on that all can be expressed in terms of the origin
regions (4.1.1).

4.2 Connection of I' with the boolean probability algebras

In the previous subsection, we emphasized that the Probability Integral is a function
over I which returns a numerical value between 0 and 1. Let us now denote this function
as p. With this notation, properties of the Probability Integral over I can be rewritten in
the following way:

/dp =1 — pM=1 (4.2.1a)
r
/ dp =0 — p(®)=0 (4.2.1b)
0

/ dp =/ dp +/ dp —/ dp  —  p(nUr)=pmn)+eHe) - e Nr)
Y1U~2 Y1 Y2 Y12
(4.2.1c)

with 1 and 5 arbitrary regions of T'.

In particular, given that from (4.1.3) an arbitrary region  can be expressed in terms
of the origin regions (4.1.1), we have that:

Y I; T
where I';, ..., I',, are origin regions.

With this notation we can realize that the function acting over I' does not have to be
an integral but any function such that satisfies the properties stated above. Then, it is
evident that p corresponds to the Probability Distribution Function P.

The fact that we can associate the integral [dp with the Probability Distribution
Function P gives us the ”sight” of a boolean probability algebra. To see it clearer, let us
denote the operations U and N as @ and ®, respectively. In this way:

rar, =t Ti= rer, = =i (4.2.3b)
i j = . i — i ;= . . 2.
’ 0 ifi#£y / 0 ifi#fy

y=I4u---ul,,, — ~v=0I'&---&l, (4.2.3¢)
where i,m =1,...,8.

Then, it is easy to realize that the origin regions do not have to be "necessarily” sets
but elements of any boolean algebra, in such a way that they could even not make reference
to sets of A\, but the event itself of A,, By and B, obtaining a specific value.
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This fact has a great transcendence because we are going from an algebra of sets to
a boolean algebra of events. The main difference is that while in the first one everything
turns around A (i.e., A determines the entire system), in the second one the essential part
are the events themselves, without the necessity of recurring to the hidden-variable \.

Given that any region of I' can be gotten from its eight origin regions (4.1.1) and that
under locality any event of B(4.) can be obtained from its eight simple events (Table
2.9), it is enough to get the connection between the origin regions and the simple events
and between the operations f dp and P to show the equivalence between hidden-variable
models and local-realistic boolean algebras of events.

Definition 7. The connection of the origin regions of T' (4.1.1) and the simple events of
B(Qape) under locality (Table 2.9) is given by the following relations:

I =E (4.2.4a)
T, =B (4.2.4b)
I's = F5 (4.2.4¢)
T, = B (4.2.4d)
.= By (4.2.4¢)
I's = Fio (4.2.4f)
I'7 = FE5 (4.2.4g)
Ts = Eyg (4.2.4h)

Definition 8. The connection between the Probability Integral over I' and the Probability
Function over B(Qape) is given by the following relations:

/F dp = P(En) (4.2.5a)
dp = P(E») (4.2.5b)

dp = P(Es) (4.2.5¢)

J
J
/F dp = P(Eg) (4.2.5d)
J
J

dp = P(Ey) (4.2.5¢)
5 dp = P(Esy) (4.2.5f)
. dp = P(Eys) (4.2.5g)
| dp = P(Ex) (4.2.5h)

We will now use these relations to show the equivalence of the definitions of  and D
in both approaches.
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Lemma 6. Correlation Function: For every choice of parameters a, b and c, the
Correlation Functions @ and D satisfy the following equivalences:

Quv = / AN By(\) dp = P(Uy) — P(Uy) (4.2.60)
Que = / A.(N) B.(\) dp = P(Vi) — P(Va) (4.2.6b)
Do = /F By(N) Bo(N dp = P(Ese) — Plmpe) (4.2.60)

We give the proof for the first expression. The other two have similar demonstrations.

Proof. From Definition 2 (1.2.1) we have that:

Qab:/FAa(/\) By () dp (4.2.7)

Using (4.1.2a) and (4.1.6) we obtain:

8
Q=3 [ ANBNNA

:/dp+/dp—/dp—/dp—/dp—/d,o+/dp—|— dp
I I's T's Ty I's T's 'z I's

where we have used the values of A, and B, for the eight origin regions (4.1.1). Using the
equivalences from Definition 8 (4.2.5) and rearranging terms:

(4.2.8)

Qub :(P(El) + P(E3) + P(Es) + P(E16)) B (4.2.9)
(P(E5) + P(Eg) + P(En) + P(Elz)) )

Using the point 2b of Lemma 7 (Appendix C) and the values from Table 2.11 we
obtain:

Qup = P(El V EyV Eys V E16) _ P(E5 V EgV By V Em)
= P(Uy) — P(Ua)

(4.2.10)

which is the expected result.

Since the Correlation Function @ is the starting point in both approaches, we have thus
shown the equivalence between hidden-variable models and boolean probability algebras.

Then, any hidden-variable physical model supported by the experiment, regardless of

production process and its physical realization, admits a local-realistic boolean probability
algebra, being this last one the essential part of the problem.
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Conclusions

This thesis shows that the following statements are equivalent:

1. There is a hidden-variable model based on local Realism for the experiment.
2. The experiment supports a local-realistic boolean probability algebra.

3. Correlation Function for the experiment satisfies Bell-CHSH inequalities.

The equivalence was obtained by algebraic methods. In particular, a merely algebraic
proof of Bell-CHSH inequality was given.
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Appendix A

General properties of the boolean
algebras (8]

A boolean algebra 2 is a set of elements X, Y, Z, ... endowed of two binary operations
called sum and product, denoted respectively as V and A, and a monary operation called
complement, denoted with a prime (/), with the following properties:

1. Commutativity:

XVY=YVvX (A.0.1a)
XANY=YANX (A.0.1b)

2. Associativity:
(XVvY)vZ=XVv(YVZ) (A.0.2a)
(XAY)NZ=XNYNANZ) (A.0.2b)

3. Distributivity:
(XVYIANZ=(XANZ)V(Y NZ) (A.0.3a)
(XANY)VZ=(XVZ)NY VI (A.0.3b)

4. Neutral elements:

There is a neutral element & for the sum such that X V& = X, VX € 2. (A.0.4a)

There is a neutral element 1 for the product such that X N1 =X, VX € 2.
(A.0.4b)

5. Complement: VX € 2 there is an X’ € 2 called complement of X, such that:

XVvX =1 (A.0.5a)
XNX'=92 (A.0.5b)

From here, we can obtain other important properties:

1. Idempotency:

XVX=X (A.0.6a)
XAX=X (A.0.6b)
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. Maximality of I and minimality of @:

. Involution:

. Immersion:

. Morgan’s Law:

XvI=I
XNog=0
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(A.0.8a)
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(A.0.9b)
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Appendix B

Boolean algebras of events

We will start by giving two important definitions.

Definition 9. Sample space (S): is the collection of all possible outcomes of an exper-
iment or trial.

Definition 10. Ewvent: is any collection of possible outcomes of an experiment or trial.

Let us now consider an experiment that consists on N different outcomes. Then, from
these ones it is possible to form a boolean algebra of events of order N, denoted as B(S),
which is a set which includes every collection of events from the sample space S and is
closed under the operations conjunction A (AND) and disjunction V (OR).

Such an algebra consists on 2V events, which have the following classification:

1. Impossible event (@): is an event that never occurs.

2. Simple or atomic event (E): is any event that consists of exactly a single outcome
from the experiment.

3. Compound event: is any event that consists of more than one outcome from the
experiment.

4. Complementary event: consists of all the outcomes not in the original event. The
complementary of X € B(S) is denoted by X' (X’ € B(S)).

5. Certain event (I): is an event that always occurs.
In particular, simple events have the following properties:
i) Eiv---VEy=1 (B.0.1a)

E; ifi=j, withi,j=1,...,

N
e e (B.0.1b)
@ ifi#j, withi,j=1,...,N

i) &A@—{

where I and & are the certain and impossible events, respectively, of B(S).
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Appendix C

Probability Function over a boolean
algebra of events

Definition 11. An ordered pair < B(S),P > is a probability algebra if B(S) is a

boolean algebra of events and P a real-value function (a Probability Function) defined
on elements of the universe of B(S) which is:

1. Strictly positive: P(X) >0, VX € B(S).
Moreover: P(X) =0 if and only if X = @.

2. Normed: P(X) =1 if and only if X = 1.
3. Additive: P(XVY)=P(X)+P(Y)—-P(XAY), VXY € B(S).

From this definition it is possible to obtain the following properties for any probability
algebra.

Lemma 7. Properties of a probability algebra

1. P(X)+P(X')=1,VX € B(S).

2. Let E; and E; € B(S), with i # j, two different atomic events. Then:
(a) P(E; AN E;) =0 because E; N E; = @.
(b) P(E; Vv Ej) = P(E;) + P(Ej).

3. Let En,...,Exn the N atomic events of B(S). Then: vazl P(E;) =1.

Elements of a probability algebra are referred to as events.

Let us now state a handy lemma to be used with pairs of complementary events.

Lemma 8. Let T be an arbitrary event and let {S1,S2} be an arbitrary pair of comple-
mentary events. Then:

P(T) = P(T'ASy) + P(T ASs) (C.0.1)
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Proof. First, let us prove two important relations.

) T=TnAI
T A SV S) (C.02)
= (T/\Sl)\/(T/\SQ)

’Ll) T/\(Sl/\SQZQ)
(TATYN(S1ANS)=TAh@ (C.0.3)
(T/\Sl)/\(T/\SQ) =9

Using these relations we get:

P(T) ((T/\Sl) v (TASQ))

P
P(T A $1)+ P(T A S3) = P((T A S1) A (T A S2)) (C.0.4)
P(T'AS1)+ P(T A S>)

where we have used the additive property of the Probability Function (point 3 of Definition
11) and that P(@) = 0.
O
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Appendix D

Classification of events from B(())

Events from B(Q,) are classified in the following way:

1. Impossible event:

Dab (DO 13,)
2. Simple or atomic events:
(+1,+1)ap (D.0.2a)
(+1,—1)ap (D.0.2b)
(=1,+1)ap (D.0.2c)
(=1, —1D)ap (D.0.2d)
3. Compound events:
(+1,0) ={A, = +1} = (+1,+1)ap V (+1, 1) (D.0.3a)
(_la Hb) = {Aa = _1} - ( 1, +1)ab \/( 17 l)ab (D'O'Sb)
(Hav +1) = {Bb - +1} - ( 7+1)ab \ ( 17+1)ab (DO?’C)
(Hm —1) = {Bb = —].} = (+1, _1)ab \/( 1,— l)ab (DO?)CI)
Eab = {Aa = Bb} = (Jrl, +1)ab V ( 1,— 1)ab (D.O.3e)
dab ={Aa = —Bp} = (+1,—1)ap V (=1, +1)ap (D.0.3f)
4. Complementary events:
(+1,+1), = (+1, = 1)ap V (=1, 41)0p V (=1, = 1) (D.0.4a)
(+1,-1)0 = (+1,4+1)ap V (=1, +1)ap V (=1, =1)4p (D.0.4Db)
(=L, 41y = (+1,+1)ap V (+1, = 1)ap V (-1, 1) s (D.0.4c)
(=1, =1)p = (+1,+1D)ap V (+1, =)0 V (=1, +1) ap (D.0.4d)
5. Certain event:
I, = (+1, +]—)ab V (+1, 71)(11, V (71, +1)ab \Y (71, 71)(11) (D05a)

The Hasse Diagram for this boolean algebra of events is shown in Figure D. In this
scheme it is possible to see in a graphical way the relation among the events stated above.
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(+1, Hbl;.,

Figure D: Hasse Diagram for the boolean algebra of events of the Bohm-EPR experiment with one

measurement parameter per site.
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